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The multiple scattering of thermal waves by dense fibers with a functionally graded interface in composites is
considered, and the analytical solution of the nonsteady effective thermal conductivity of composites is presented.
The Fourier heat conduction law is applied to analyze the propagation of thermal waves in the fibrous composite. The
scattering and refraction of thermal waves by cylindrical fibers with a nonhomogeneous interface layer in the matrix
are expressed by using the wave function expansion method. The theory of quasi-crystalline approximation and the
conditional probability density function are employed to treat the multiple scattering of thermal waves from the
dense fibers. Through analysis, it is found that the nonsteady effective thermal conductivity under higher frequencies
is quite different from the steady thermal conductivity. In different regions of wave frequency, the effects of the
functional form of gradation and the properties and thickness of the functionally graded layers on the nonsteady

effective thermal conductivity show great differences.

1. Introduction

HE subject of the effective thermal conductivity of composites

is one of the classical problems in heterogeneous media that has
recently received renewed interest due to the increasing importance
of high-temperature systems, e.g., car manufacturing, dedicated
space structures, etc. These materials usually undergo a complex
thermal history. Determining the effective thermal properties of
composites is crucial for a successful design and for the manufacture
of materials. The development of micromechanical models for
accurately predicting the effective thermal conductivity of multi-
phase composites has been the specific objective to study.

The methods used to measure the thermal conductivity of
composites are divided into two groups: the steady-state and the
nonsteady-state methods. In the first group, the sample is subjected to
a constant heat flow. In the second group, a periodic or transient heat
flow is established in the sample [1]. In the past, much attention has
been focused on the problems of steady state.

The earliest models for the thermal behavior of composites
assumed that the two components are both homogeneous and are
perfectly bounded across a sharp and distinct interface. The Maxwell
solution [2] is the starting point to find the effective conductivity of
two-phase material systems, but it is valid only for very low concen-
trations of the dispersed phase. Hasselman and Johnson [3] extended
the classical work of Maxwell to consider the effects of an interfacial
thermal barrier resistance in spherical particulate and cylindrical
fiber-reinforced composites. Subsequently, many structural models
(e.g., parallel, Maxwell-Eucken [4], and effective medium theory
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models [5]) were proposed. Recently, Samantray et al. [6] applied the
unit-cell approach to study the effective thermal conductivity of two-
phase materials. The idea of the generalized self-consistent model
was also developed by Hashin and Monteiro [7] to determine the
effective thermal conductivity of the two-phase materials.

Recognition of the importance of modeling the interphase zone
in composite materials has existed for some time. Mathematical
analyses of inhomogeneous interfaces probably started with the work
of Kanaun and Kudriavtseva [8,9] on the effective elasticity of a
medium with spherical inclusions surrounded by radially inhomo-
geneous interphase zones. Subsequently, Lutz and Ferrari [10]
considered the effective bulk modulus of composites reinforced
by inclusions with linearly varying elastic moduli. Lutz and
Zimmerman [11] considered the power law variation in the context of
effective bulk modulus and effective conductivity. Recently, Taguchi
et al. [12] investigated the effect of these interphase layers on the
microstructure, mechanical, and thermal properties of SiC/SiC
composites. Sevostianov and Kachanov [13] analyzed the effect of
interface layers on the overall elastic/conductive properties of
composites with nanoparticles.

With the wide application of composites in aerospace, automotive
industries, and other high-temperature situations, a functionally
graded interface between the fibers and the matrix has been intro-
duced in the design of composites to minimize thermal stresses and
enhance thermal properties. In high-temperature situations, the
solving method in the steady state becomes inaccurate. The
nonsteady-state method is an efficient way of predicting the effective
thermal conductivity of composites under high-temperature situa-
tions. Recently, Monde and Mitsutake [14] proposed a method for
determining the thermal conductivity of solids by using an analytical
inverse solution for unsteady heat conduction. By using modulated
photothermal techniques, Salazar et al. [1] studied the effective
thermal conductivity of composites made of a matrix filled with
aligned circular cylinders of a different material. In a series of works
by Fang et al., photothermal method was applied to investigate the
effects of coating on the nonsteady effective thermal conductivity of
fibrous [15] and particular composites [16]. Recently, Fang [17]
employed the thermal wave method and the theory of Waterman and
Truell [18] to study the effect of the functionally graded interface on
the nonsteady effective thermal conductivity of fibrous composites.
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However, this theory neglects the multiple scattering effects among
the fibers and is only suited to dilute concentrations of fibers.

The main objective of this paper is to extend the work of Fang [17]
to the multiple scattering of thermal waves by the dense fibers with a
functionally graded interface in composites, and the effects of the
interface on the nonsteady effective thermal conductivity of com-
posites are analyzed. The composite medium contains a random
distribution of cylindrical inclusions of the same size with interface
layers of the same thickness. The interface layer is modeled by any
number of homogeneous layers. The temperature fields in different
regions of composites are expressed by using the wave function
expansion method, and the expanded mode coefficients are deter-
mined by satisfying the boundary conditions at the interfaces.
Considering that the positions of the fibers are random, the tempera-
ture fields in composites are averaged. The averaged equations are
solved by using Lax’s quasi-crystalline approximation [19], and the
effective propagating wave number and the nonsteady effective
thermal conductivity of composites are obtained.

II. Formulation of the Problem

Consider a composite material containing a large number N of
fibers embedded in an infinite matrix. The long, parallel fibers with
identical properties are randomly distributed in the matrix [7,20]. As
is often the case for practical fiber-reinforced composites, the matrix
is assumed to be isotropic and the fibers are transversely isotropic, so
the resulting unidirectional composite also possesses transverse
isotropy. The fibers of radius @, have identical properties. Let A, c,
and p be the thermal conductivity, specific heat capacity, and mass
density of the matrix, and let A, ¢(, and p, be those of the fibers. The
geometry is depicted in Fig. 1, in which (x,y, z) is the Cartesian
coordinate system with origin at the center of the fiber, and (r, 6, z) is
the corresponding cylindrical coordinate system. The fibers are
labeled by suffixes i = 1,2, ..., N. The position vector of the center
of the ith fiber is denoted by r;.

It is assumed that thick layers of uniform thickness 4 with variable
material properties are present at the interfaces separating the matrix
from each fiber. The interface layer is subdivided into several thin
cylindrical shells, and the material properties within each shell of
inner radius a;,_; and outer radius a; (I = 1,2,...,n) are A;, ¢;, and

Matrix
A,c,p

Fig. 1 Two cylindrical fibers with interface layers and wave incidence
in composites.

p;- The uniform thickness of the shells is h; = a; — a,_;. Let the
boundaries of the ith fiber and the shells be denoted by C!
(1=0,1,2,...,n).

III. Conditional Probability Density Function
for Fiber Distribution

To analyze the correlation of the temperature field among the
randomly distributed fibers, the conditional probability density
function for fiber distribution must be specified. The probability
density of the random variable (r;,r,,...,ry) is denoted by
p(ry,ry,...,ry). Then, due to the indistinguishability of the
cylindrical fibers, it is symmetric in its arguments, and we have

p(r;, 1y, .., ry) = p(r)p(ry,ra, ... oo TyEy)
= p)p(rlr)p(r; vy, ) eyrgr)
p(r) = p(ry), p(rj|ri) = p(ry|r)), i#j (1

where the probabilities with the vertical bar in their argument denote
the customary conditional probabilities. A prime in the first part of
Eq. (1) means that r; is absent, and two primes in the second part of
Eq. (1) mean that both r; and r; are absent. For a uniform composite
material, the positions of a single cylindrical fiber are equally
probable within a large region V of the volume of composites, and so
its distribution is uniform with density; that is,

pr)=1/V, ifr; eV, p(r)=0, ifr;¢V (2

If the center of the ith fiber, well within V, is held fixed, the
distribution of the cylindrical fibers around it will be cylindrically
symmetrical. Thus, the conditional probability density function
p(r;|r;) is usually expressed in terms of the pair correlation function
g(r;;); that is,

1
p(r;lr;) ZV[I —g(ryp], ifryeV
p(rjlr) =0, ifr;¢V (3)

where the pair correlation function g(r;;) is a decreasing function of
r;;. The normalization condition of p(r;|r;) gives, in the limit as
V — oo,

.1 (R
RILIEOFA g(rir;dri; =0 )

Because of the impossibility of interpenetration of the cylindrical
fibers and their independence when they are infinitely apart, function
g(r;;) satisfies the following conditions:

g(r[j) =1 if ri; < 2a,; r]_i_r)noog(r[_j) =0 5)
ij
The first of these conditions holds for the nonoverlapping sets of
cylindrical fibers. The second condition is correct if the correlation in
spatial positions of the fibers disappears.

A function satisfying these conditions is expressed as
1 r; < 2a,

g(ry) = {(S’GXp(—r;j/L), rij > 2a, ©

where § [0 <8 < exp(2a,/L)] is the correlation coefficient, and
L > 0 is the correlation length.

IV. Multiple Scattering of Thermal Waves
by Fibers and the Wave Fields

Based on the Fourier heat conduction law, the heat conduction
equation in composites, in the absence of heat sources, is described as

VT = 5o @
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where V2 = 02/0x> + 9%/0y*> represents the two-dimensional
Laplace operator, T is the temperature in composite materials, and
D is the thermal diffusivity with

D =1/pc ®)
The solution of periodic steady state is investigated. Suppose that
T =T, + Re[d exp(—iwt)] 9)

where T, is the average temperature, i is the imaginary unit, and @ is
the incident frequency of thermal waves.

Substituting Eq. (9) into Eq. (7), the following equation can be
obtained:

V29 + k23 =0 (10)
where k is the wave number of complex variables in composites, and
k=(4+ ik a1

with k = \/w/2D being the incident wave number.

It is assumed that the thermal waves propagate in the positive x
direction. Thus, the incident thermal waves in the matrix are
expressed, using wave function expansion method, as

o0
9 — ﬂoei(m’—w/) — 190 Z leJm (Kr)ei(mé)—cm) (12)

m=—00

where the superscript (in) stands for the incident waves in the matrix,
J,.(+) are the mth Bessel functions of the first kind, and ¥, is the
temperature amplitude of incident thermal waves in the matrix. It
should be noted that all wave fields have the same time variation
e~ which is omitted in all subsequent representations for nota-
tional convenience.

When the thermal waves propagate in the fibrous composite
material, the waves are scattered by the fibers, and the scattered
waves of the fibers are expanded in a series of outgoing Hankel
functions. The scattered field around the ith fiber in the matrix is
expressed in the form

o] -
9 = A Hy (kr;)e™® (13)
00

m=—

where the superscript (s) stands for the scattered waves, HY (-) are
the mth Hankel functions of the first kind, and A;,, is the mode
coefficient that accounts for the distortion of the scattered cylindrical
waves by the ith fiber.

Thus, the total scattered field in composites is expressed as

N
90 =" (14)
i=1

The total temperature in the matrix ¥’ should be produced by the
superposition of the incident field and the scattered fields of every
fiber; that is,

B =9 4 9O (15)

The refracted waves inside the ith fiber are standing waves and can
be expressed as

ﬁt('r) = Z Bim‘]n(Kfr[)e’Tme' (16)

where the superscript (r) stands for the refracted waves, and B,,, are
the mode coefficients of refracted waves.

o0

The temperature in the Ith layer 1 of the ith fiber may be described
by the sum of the two components (outgoing and ingoing) and is
expressed in the following form [21,22]:

(o) [o.¢]
0= [ Z Ezl'er(nl)(Klri)eimgl + Z Ftl'mH'('%)(Klri)eimei]

m=—o0 m=—00

(1=1,2,...,n) 7)

where Hg ) (+) are the mth Hankel functions of the second kind, and
denote the ingoing waves, and E', and F!, are the mode coefficients
in the /th layer.

The wave numbers k; in the /th layer and «,, in the cylindrical fiber
are given by

k= (1 + i) Vw/2D,.
ko= (1+1)y/w/2D, (19)

where D; = 4,/(p;c;) and Dy = Ao/ (poco)-

(I=1,2,....n) (18)

V. Boundary Conditions and Solution
of Mode Coefficients
The boundary conditions on C?, C! (I=1,2,...,n— 1), and C?
around the ith fiber are given by

=1, qt. =q. for r,=a, (20
P=0 gl=glf! for ri=a. (I=12..n-1)
ey

(r)

ol =97, al=aq; for ri=a 22)

where ¢;, is the heat flow density in the radial direction corre-
sponding to ¥;, and

01,
i ar;

qdir = -
The continuous boundary condition of temperature on C} gives

00
Z [E;},,,ng)(/(nan)eimef + Fl(zmH’(’g)(Knan)]eimH‘ — .ﬁoeikx

m=—

(o0}
N 00 B

2 D Ay (ke (23)
j=1 m=—oc0

Multiplying by e~ and integrating from 0O to 2 on both sides of
Eq. (23), the following equation can be obtained:

H (,a,) Efy + H (6,0,) Fly = 000", () 7o
N 00
+ Z Z Ajijims (24)
Jj=1 m=—oc0

where

L f2ar g b, —is6; 40, i L ;
Kjims = Zn(flr)) [Hy' (ka,)e™" e do;, j#i 25)
H; (Kan)gms j =1

in which é,,, is Kronecker delta function. Using the addition theorem
for Hankel functions, one can obtain

1 [ - . .
Kjims = A {ezmﬁ,-f (_1)m Z (_l)vju(Kan)Hl(ilf)m(Krij)eww‘_eij)}e_”ef del

2

V=—00

= J(ica, s Ger,y e,

(G#9D) (26)
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where (r;;, 0;;) are the coordinates of o; referred to o; as origin.
Then, Eq. (24) is rewritten as

H" (k,a,)E}, AuH (ka,) + J,(ka,)

N 0
x |:l9017xei/(r,»“c039,,) + Z Z Aj,n+sH£tl)(Kri_j)emgl’:| (27)

J=1ji n=—c0

+HP (k,a,)Fl, =

Similarly, the continuous boundary conditions of temperature on C!

(I=1,2,...,n—1)and C? give
Ellers('l)(K/az) + Fsziz)(Kla/) = El[';rlHil)(Kmam)
+ F;le‘EZ)(Kl‘i»lal#»l) (28)
By J (kpag) = ELH(" (kcya) + FLH? (c1a0) — (29)

According to the continuous boundary conditions of heat flux
density on C?, C (I =1,2,...,n— 1) and C?, one can obtain

a
e

Mg a4 5

M (k,a,) + F

s aa H*EZ) (K a)l)]

d Jx (Kan) 190 Z:efkrm cos 6;,
da,

N 00
PSP Aj.mﬂHfﬁ(wi,-)e""’%]} (30)

0 d
)‘[|:Etl's 7H§l)(Klal) + F£s7H£2)(Klal):|
a a

= }"H—l |: is
d

ad
Ao |:Bx T%J.Y(Kfao)] = |:Es aTlOHil)(Kcao)

lA

e (x,;ao)] G31)
ao

According to Eqgs. (23-31), the expanded coefficient of scattered
waves A;, can be expressed as

where
;o H (ca,) o HP(ca,) IO (ka,)
s =X — s D gD 49
H"(ka,) ' H"(ka,) H(xa,)

T _19 i ezkr,‘,cose,u + Z Z A)H_;T}HrvH(l (/cr,-j)ef"g" (34)

Jj=1.j#in=—00

in which X and Y are shown in the Appendix. It should be noted that
T is the temperature field in any point of composites.

When either o; or 0, and 0, together are held fixed, to determine the
mean temperature field in composites (77);, the conditional
expectation of the fiber distribution is used. From Eq. (34), one can
obtain

(T5); = Dyi* ™o sl no( - _) Z Ants
x / [1 = g(ri){TI*) HY (kry)e™®i dr;  (35)
TigsTjo*S

where ny = N/S = V,/(wa}) is the number of cylindrical fibers per
unitarea, V is the volume fraction of fibers in the matrix, S is the total

area of composite materials, and g(r;;) shown in Eq. (6) is the pair
correlation function of fiber distribution. Equation (35) involves the
conditional expectation with two cylindrical fibers held fixed. If we
take the conditional expectation of Eq. (35) with two cylindrical
inclusions held fixed, the resulting equation will contain the
conditional expectation with three cylindrical inclusions held fixed,
and so on. To eliminate this hierarchy, Lax’s quasi-crystalline
approximation theory [19] is applied. In Lax’s quasi-crystalline
approximation theory [19], the two-inclusion correlation function is
involved, and the mean temperature field is expressed as

(Tis>ij =(T}):, i #j (36)

According to the extinction theorem, when S and N become
infinitely large, the incident wave is extinguished on entering the
composite, and so the corresponding term in Eq. (35) can be dropped.
Thus, this equation is simplified to

Tn =y Z An+v
x [ G e, 67
Tio—Tjo|>2ay,

Assuming the existence of an average plane wave, the solution of
Eq. (35) is proposed as

(Tln)z — lTVL Tne;Kr,,, cos 6;, (38)

where T, is a constant, and K is the wave number of the effective
thermal waves. Making use of the Green’s theorem and wave
function expansion method, the following can be obtained:

00
ezKrJ,, cos 0, — ezKr,,, cos 6;, E

m=—00

M (Kri)e i (39)

The first integral appearing in Eq. (37) can be simplified as

iKx; 1 isO. .
/ 5 HY (ier ) d;
[rio=rjol>2a

1

=57 / [(V2eXuo)H (icr; ) e
K== K= iy, 1524, '

_ elTKxj,, VZH(I) (Kr~ .)ezTSG,j] de

- 2ma,i*
= elem ;ra l |:J (2Kan n)
H“’(zm,,) J (2Ka,,):| (40)

In the same way, the second integral in Eq. (39) can be also
simplified. Then Eq. (37) reduces to the system of equations

00 a a
T =2 AT . . 3A—=—2—|J.2K
n g SZ;)Q n+sdnts {K2 _ K2 |: s(2Ka, da, n)
—H" (2/<a,,) J (2Ka,,)i|
o (1)
= | 8 (KrH (ery)ry dry D)
a,

The set of Eqs. (41) consists of an infinite number of homogeneous
linear equations determining the coefficients T,. For a nontrivial
solution of T, the determinant must vanish, and this leads to the
equation for the effective wave number K. It is noted that the effects
of multiple scattering on the coherent waves are of great practical
importance for the volume fraction of fibers (V, = 0.01-0.5). At
very low volume fraction of fibers (V, < 0.01), the multiple
scattering effect can be neglected and each fiber can be treated as
independent.
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The expressions of J,(x) and H§')(x) are written as

s+k
) = Zk'(s+k)'( )

H" (x) =

e e = 1] @)

When L is sufficiently small compared to the wavelength, by using

Eqgs. (42), and retaining the lowest order terms for i2/a, = 0, one can
obtain

> 1 (K 1
T, ~—mc Y Al T, [; (—) w3 ﬁp} (43)

§=—00
where
Po A=k
A =" Al = , Al = 0’ > 2
0 0 1T T A q (Iq! )
2i L i ] K
Po~tsrr(1+10g ), P~ ler2n
T 2 2 T K
. K\2
P, ~ i(SLz(—) , P, =0, [v] >3
2n K

VI. Nonsteady Effective Properties of the
Fiber-Reinforced Composites

According to Eq. (11), the nonsteady effective thermal conduc-
tivity A" can be easily obtained from the effective propagating wave
number as follows:

ett eft)\
Al = e ——[Re(k/K)P (44)

eff eff

where Re(e) denotes the real part, and o and ¢ are the effective
mass density and effective heat capacity of composites. From [1], itis
known that o and ¢ always follow the mixture rule, and o' ¢ is
given by

h\2
Pl = ,oc{l — Vf(l + a_) } + pocoVy
0

+ Zhlolclvf |:2 + h(2l - 1)] (45)

=1 apn na

VII. Numerical Examples and Discussion

To examine the effect of material properties on the nonsteady
effective thermal conductivity of composites, A} is computed for a
given value of k. Next, the complex coefficient matrix M corres-
ponding to 7, in Eq. (41) is formed. The complex determinant of the
coefficient matrix is computed using standard Gauss elimination
techniques. For a given value of &, the root of the equation del(M) =
0 is searched in the complex plane using Muller’s method. Good
initial guesses are provided by Eq. (44) at low values of k and these
can be used systematically to obtain quick convergence of roots at
increasingly higher values of k.

In the following analysis, it is convenient to make the variables
dimensionless. To accomplish this step, a representative length scale
ay, where a is the radius of fibers, is introduced. The following
dimensionless variables and quantities have been chosen for
computation: the incident wave number k* = ka,=0.1-2.0,
h* =h/ay =0.05-0.20, A* = Ay/A =2.0-8.0, ¢* =¢y/c =2.0-
4.0, and p* = py/p = 2.0-4.0. The dimensionless effective thermal
conductivity is A = A°T /.

Specially designed functionally graded interface layers are
introduced for a significant improvement of effective thermal con-
ductivity. The character of nonsteady effective thermal conductivity
is dependent on the functional form of gradation. In the graded

interface layer, the properties are related to the microstructure of two
constituents.

Following the work of Sato and Shindo [23], the properties of two
special cases of interface material are considered and are given by the
following equations.

Case I:
Py (r; < ap)
Pi(r)=1 (P—P)(5) +Py (ap<r;<apg+h) (46)
P (r;>ag+ h)
case II:
Py (r; < ap)
Py(r) = § 4(P — P)(Fleth2)3 L PR (g <1, < ag + h)
P (r; >ag+ h)
@7)

where P denotes the properties (thermal conductivity, specific heat,
and density) of composites. In case I, the material properties vary
linearly from those of the inclusions to those of the matrix the
interface material through the interface material. Case Il refers to the
case of curvilinear variation of material properties. These two cases
are commonly used in engineering. Through comparing the effective
thermal conductivity in the two cases, one can obtain the desired
thermal behavior by controlling the variation form of the interfacial
material properties. The material properties of the layers given above
are calculated at midpoint of each layer assuming variations of cases |
and II from the boundary of the inclusion to the matrix medium.

The nonsteady effective thermal conductivity of composites as a
function of volume fraction of fibers for case I with parameters
k* =0.5,1* =4.0, ¢* = 2.0, and p* = 2.0 is presented in Fig. 2. It
can be seen that the nonsteady effective thermal conductivity
increases with the increase of the thickness of the interface. Because
the thermal conductivity of the fiber is greater than that of the matrix,
the nonsteady effective thermal conductivity increases with the
volume fraction of fibers. The effect of the interface on the effective
thermal conductivity also increases with the volume fraction of
fibers.

The nonsteady effective thermal conductivity of composites as a
function of volume fraction of fibers for case I with parameters
k* =1.5,1* =5.0, ¢* = 2.0, and p* = 2.0 is presented in Fig. 3. It
can be seen that the nonsteady effective thermal conductivity
decreases with the increase of the thickness of the interface. This
phenomenon is due to the multiple scattering of thermal waves that
results in the rapid decrease of thermal energy. When the interface
thickness is small, the multiple scattering of thermal waves is strong.
With the increase of the interface thickness, the multiple scattering of
thermal waves becomes weaker. The effect of the interface on the

A
o0

| 1/h°=020
2" =0.10
3h"=0.05

»
[=)

w
&

Ao:¢0:Po A.c.p

w
=)

/ {
/
Fiber | [nterface IMatrix / ]

/ 4
Z

N
[=)

=

Effective thermal conductivity A¢
- N
o 5

1.0 L L L L L L L L L
0 005 0.1 015 02 025 03 035 04 045 05

Volume fraction Vi

Fig. 2 Nonsteady effective thermal conductivity as a function of volume
fraction of fibers with three values of the interface-layer thickness for
case I (k* =0.5,A* =4.0,c* =2.0,and p* = 2.0).
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25 . . . . . . . . .
. 1 h* =020
= w_
> 2 h* =0.10 o
E 3h"=0.05 /
31
_§ 20t %2 1
g ~
E -
E / 1
o 15f g
_12) / A0sCo P, Ae.p
] / 0:€0:Po
&=
m
Fiber| {pterface IMatrix
1.0

0 005 01 015 02 025 03 0.35 04 045 05
Volume fraction Vj

Fig. 3 Nonsteady effective thermal conductivity as a function of volume
fraction of fibers for case I (k* = 1.5,1* =5.0,c* = 2.0, and p* = 2.0).

effective thermal conductivity also increases with the volume
fraction of fibers.

Figure 4 illustrates the nonsteady effective thermal conductivity as
a function of dimensionless wave number for case | with parameters
V,=0.2, A* =5.0, ¢* =2.0, and p* = 2.0. It can be seen that the
nonsteady effective thermal conductivity increases with the increase
of dimensionless wave number, then reaches the maximum and
decreases as the wave number further increases. In the region of low
frequency, the nonsteady effective thermal conductivity increases
with the increase of the thickness of the functionally graded layers.
However, in the region of high frequency, the nonsteady effective
thermal conductivity decreases with the increase of the thickness of
the functionally graded layers. The maximum effective thermal
conductivity increases with the thickness of the interface. The
variation of the nonsteady thermal conductivity with the dimen-
sionless wave number increases with the thickness of the func-
tionally graded layers. The above phenomenon may be caused by the
multiple scattering of thermal waves among the distributed fibers
with interface. When the wave frequency is lower, the multiple
scattering effects do not exist. When the wave frequency is compar-
able to the fiber size, the multiple scattering effects begin to come into
being. In the high-frequency region, the multiple scattering expresses
great effect on the effective thermal conductivity.

Figure 5 illustrates the nonsteady effective thermal conductivity as
a function of dimensionless wave number for case I with parameters
V,=0.5 A*=5.0, ¢* =2.0, and p* = 2.0. Comparing with the
results in Fig. 4, it can be seen that the variation of nonsteady effective
thermal conductivity with dimensionless wave number increases
with the volume fraction of fibers. With the increase of the volume
fraction of fibers, the wave number corresponding to the maximum
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Fig. 4 Nonsteady effective thermal conductivity as a function of

dimensionless wave number (V;=0.2, A*=5.0, ¢*=2.0, and
p* =2.0).
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Fig. 5 Nonsteady effective thermal conductivity as a function of

dimensionless wave number (V;=0.5, A*=5.0, ¢*=2.0, and

p* =2.0).

effective thermal conductivity decreases with the volume fraction of
fibers. It can be interpreted that the multiple scattering effect
increases with the increase of volume fraction of fibers.

The nonsteady effective thermal conductivity of composites as a
function of volume fraction of fibers for case I with parameters
k* =0.5,1* =5.0, ¢* = 2.0, and p* = 2.0 is presented in Fig. 6. It
can be seen that the nonsteady effective thermal conductivity
increases with the increase of the thickness of the interface.
Comparing with the results in Fig. 2, it is clear that the nonsteady
thermal conductivity of composites in case I is greater than that in
case II. The nonsteady effective thermal conductivity is lower overall
and is less sensitive to volume fraction for the functionally graded
layer of case II than that for case I.

The nonsteady effective thermal conductivity of composites as a
function of volume fraction of fibers for case II with parameters
k* =15,1* =5.0, ¢* = 2.0, and p* = 2.0 is presented in Fig. 7. It
can be seen that the nonsteady effective thermal conductivity
decreases with the increase of the thickness of the interface. This
phenomenon is because the multiple scattering of thermal waves
becomes dominant, which results in the rapid attenuation of thermal
energy. Comparing with the results in Figs. 2, 3, and 6, it is clear that
when the wave frequency increases, the effect of the functionally
graded layer on the nonsteady effective thermal conductivity is
greater in case II. In the region of low frequency, the multiple
scattering is weaker. In the region of high frequency, the effect of the
variation form of interface increases with the multiple scattering
effects.

Figure § illustrates the nonsteady effective thermal conductivity as
a function of dimensionless wave number for case II with parameters
V= 0.2, A* =5.0, ¢* = 2.0, and p* = 2.0. It can be seen that the
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Fig. 6 Nonsteady effective thermal conductivity as a function of volume
fraction of fibers (k* = 0.5, A* = 5.0, ¢* = 2.0, and p* = 2.0).
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nonsteady effective thermal conductivity increases with the increase
of dimensionless wave number, then reaches the maximum and
decreases as wave number further increases. In the region of low
frequency, the nonsteady effective thermal conductivity increases
with the increase of the thickness of the functionally graded layers.
However, in the region of high frequency, the nonsteady effective
thermal conductivity decreases with the increase of the thickness of
the functionally graded layers. Comparing with the results in Fig. 4, it
is clear that the variation of the nonsteady thermal conductivity with
the dimensionless wave number is greater in case I than that in case II.
The maximum effective thermal conductivity in case Il is greater than
that in case 1. The dimensionless wave number corresponding to the
maximum effective thermal conductivity increases is greater in case |
than that in case II.

Figure 9 illustrates the nonsteady effective thermal conductivity as
a function of dimensionless wave number for case Il with parameters
V,=0.5, A*=5.0, ¢* =2.0, and p* = 2.0. Comparing with the
results in Figs. 4, 8, and 9, itis clear that the variation of the nonsteady
thermal conductivity with the dimensionless wave number is greater
in case I than that in case II.

Finally, to demonstrate the validity of this dynamical thermal
model, the steady effective thermal conductivity of two-phase
composites without interface is given. As k* — 0, the dynamic
effective thermal conductivity tends to the steady solutions. In
Fig. 10, the results obtained from the present model, Hasselman and
Johnson model [3], and effective medium theory model [5] are
plotted. Close agreement is seen to exist between the models at low
volume fractions; however, the present model predicts a lower value
of effective thermal conductivity than the effective medium theory.
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Fig. 9 Nonsteady effective thermal conductivity as a function of

dimensionless wave number (V,=0.5, A*=5.0, ¢*=2.0, and

p* =2.0).
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Fig. 10 Comparison of the steady effective thermal conductivity with
the effective medium theory model and Hasselman and Johnson [3]
A} =5.0,c; =2.0, pf =2.0,h* =0, and k* = 0).

This is consistent with the criticism of the conventional effective
medium theory for overestimating the effective thermal conductivity
of two-phase composites when A, > A. This is attributed to the
assumption that the fibers are regarded as the effective medium even
at close range.

VIII. Conclusions

The multiple scattering of thermal waves in composites reinforced
by dense fibers with functionally graded interfaces is investigated
theoretically by employing the wave function expansion method. A
semi-analytical solution has been found for the nonsteady effective
thermal conductivity of dense fibrous composites. The interactions
of temperature field between the fibers in the matrix are considered.
Lax’s quasi-crystalline approximation is applied to obtain the
effective propagating wave number of thermal waves. The analytical
solution of the nonsteady effective thermal conductivity of the
composite is presented. Comparison with the steady effective
thermal conductivity demonstrates the validity of the dynamical
thermal model.

In the nonsteady case, the frequency of the thermal waves has great
influence on the effective thermal conductivity of composites. In the
region of low frequency, the nonsteady effective thermal conduc-
tivity increases with the increase of the thickness of the functionally
graded layers. However, in the region of high frequency, the
nonsteady effective thermal conductivity decreases with the increase
of the thickness of the functionally graded layers. The maximum
effective thermal conductivity increases with the thickness of inter-
face. The nonsteady effective thermal conductivity is also dependent
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on the functional form of gradation. Therefore, to obtain desired
thermal conductivity, one should choose different thicknesses and
functional forms of graded layers under different regions of wave
frequency. In addition, the effect of volume fraction of fibers on the
multiple scattering and the nonsteady effective thermal conductivity
should also be considered.

Appendix: Expressions of X, and Y

The expressions of X, and Y, are given by

PrK;l _PsL.r
X Y, =

ST MK —N,L’ T MK, —N,L (Aab
shy T Vgl sy T Vgl

where

M, =H" (x, an)—H '(ka,) — —H”( »—H '(k,a,)
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a. H$2) (Knan)
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n n
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The recurrence formula for L} and K are expressed as

L
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In Egs. (AS) and (A6), T!, @', U, and V! are calculated as
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